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ABSTRACT
This paper presents the performance analysis of a newly proposed fatigue estimation
model. Research for fatigue estimation methods is focused on developing the capability
to handle complex multiaxial loading conditions. This study focuses on an attempt to
develop a new fatigue life estimation model using the concepts of continuum mechanics
with a critical plane based approach. A genetic algorithm is utilized to estimate the
coefficients of stress and strain components. Experimental data for fatigue lives for
EN3B steel alloy for in-phase and out-of-phase loading conditions are used to calibrate
and analyze the accuracy of the proposed model. Finite element analysis is used to
determine an experimental fatigue life of EN3B steel alloy published in literature for
validation. The proposed model is easy to implement and does not require the
determination of new material constants and material properties. Fatigue life prediction
from the proposed model shows good agreement with published results for in-phase and
out-of-phase multiaxial loading.
Keywords: Multiaxial fatigue; critical plane method; continuum mechanics; genetic
algorithm; EN3B steel alloy.
INTRODUCTION
Fatigue life estimation has become a critical feature for the performance analysis of
mechanical structures since Wohler’s experiments performed in the late 19th century [1,
2]. Since then, a lot of research has been carried out in order to assess and analyze the
effects of time-dependent loadings on the fatigue life of mechanical components [3-5].
Estimation of fatigue life in real-life components and structures is a more complex
process as it involves a large number of variables or parameters so as to avoid early
failures [6-9]. The consistency of any technique used for fatigue life estimation depends
on many factors, such as stress concentration, degree of multiaxiality in the stress field,
and the ability to model the damage caused by non-zero superimposed static stresses
[10, 11]. With cyclic and random multiaxial loading conditions it is more complicated
to estimate the fatigue life of a component or a structure, as the material damage is
caused by all the stress components as well as their time-dependent variations [10, 12].
In order to obtain results that are more accurate and near to real-life scenarios, these
fatigue life estimation techniques must be assessed using experimental data acquired in
accordance with the pertinent standard codes [6, 10, 13-15]. The stress analysis is
conducted to correctly estimate fatigue damage by directly post-processing simple linear
elastic finite element models [16, 17]. Proportional and non-proportional multiaxial
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loads are a common occurrence in mechanical components and structures [18]. The
multiaxial stress state can occur even under uniaxial loads, although typically in-phase,
due to geometric constraints at notches. Various industries like aerospace, power
generation and automotive frequently encounter multiaxial load and stress states [5, 18,
19]. Research for developing new fatigue estimation models is continuously underway,
but a universal model has not yet been developed for the comprehensive description of
fatigue phenomena [4]. This study is focused on developing a new method based on a
genetic algorithm for fatigue life estimation capable of handling multiaxial loading
conditions.
METHODS AND MATERIALS
The continuum mechanics approach is used for the proposed method, in which
evolution equations, i.e., incremental evolution of damage, are used contrary to the
traditional damage per cycle method. The continuum theory itself contains damage
accumulation during arbitrary load histories and it thereby avoids cycle counting
techniques [20]. Long and random time histories are used to perform fatigue assessment
when close-to-real loading conditions are required. Therefore the application of cycle
counting methods leads to an over-complicated lengthy solution, which cannot be
applied in practical engineering analysis [21]. In a similar study, an endurance function
model was developed using a continuum mechanics approach [6]. In this research, a
dimensionally balanced equation was proposed based on stress invariants. But the
limitation of the model was the lack of information about the location of the critical
plane, so the model was limited only to the crack initiation portion of total fatigue life.
In order to develop an expression defining the proposed fatigue parameter, the stress /
strain parameters needed to determine the state of material under load are identified
from models already published in the literature. Strain-based models are considered for
this study because of their robustness and ability to capture plasticity during loading.
The models under study have either gained some degree of acceptance or are
representative of a larger group of related models [22].
Brown, Miller and Kandil [23, 24], proposed a model based on cyclic shear and
normal strain on the plane of maximum shear to define the stress parameter shown in
Eq. (1) [25]. Cyclic shear strains nucleate the cracks while normal strains assist in their
growth.

 ,f  2 n,mean
 max
 S n  (1.3  0.7 S )
(2 N f )b  (1.5  0.5S ) f (2 N f )c
2
E

(1)

where ∆γmax is the maximum shear strain range, ∆εn is the normal strain range on the
plane experiencing ∆γmax, S is a material dependent parameter representing the
influence of normal strain on material crack growth, Nf is fatigue life, σf’, εf’, E, b, c are
material properties having their usual meanings.
Fatemi and Socie [26], based on the work of Brown and Miller, proposed to
replace the normal strain term by the normal stress, as shown in Eq. (2). They argued
that mean stress and non-proportional hardening effects can be captured by using
normal stress. Critical plane models that include only strain terms cannot reflect the
effect of mean stress or strain path dependent hardening.
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where ∆γ is shear strain range, σn,max is normal shear stress on the plane from planes
having maximum ∆γ, k is a material sensitivity factor, σy is yield strength, Nf is fatigue
life, τf’, γf’, G, bγ, cγ are material properties having their usual meanings.
Smith, Watson [27], revisited by Ince and Glinka [28], proposed a fatigue model
for materials that primarily fail by crack growth on the planes of maximum tensile strain
and stress. The proposed relationship includes both the cyclic strain range and the
maximum stress expressed in Eq. (3). For multiaxial loading, the SWT parameter is
based on the principal strain range ∆ε1, and maximum stress on the principal strain
range plane, σn,max. The stress term is used for describing multiaxial loading and nonproportional hardening effects.
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Eq. (3) presented a virtual strain energy (VSE) model, which is a critical plane
model, as work quantities are defined for specific planes within the material. For
multiaxial loading, VSE considers two possible failure modes: a mode for tensile failure
and a mode for shear failure. Failure is expected to occur on the plane having the
maximum VSE quantity ∆W. For mode I tensile failure, VSE is computed as ∆WI, by
first identifying the plane of maximum axial work with shear work added on the plane,
as shown in Eq. (4). Similarly, ∆WII (for mode II, shear failure) is computed by first
identifying the plane of maximum shear work and the axial work component added on
the plane, as in Eq. (5).

WI   n  n max     4  2 N f 
'
f

b c

'
f

WII   n  n    max  4  2 N f 
'
f

b c

'
f





4 'f

2

G

(4)

2 N 

(5)

2b

f

E

4 'f

2 N 

2

2b

f

Chu [29] proposed a similar model to combine shear and normal work. To
include the effects of mean stress he replaced the stress ranges with maximum stresses,
as in Eq. (6).
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(6)

As per study of the above-mentioned models, the normal (∆ε) and shear (∆γ)
strain ranges are identified so that plasticity induced during the applied loading can be
captured. Mean stress effects and material hardening behavior are included for fatigue
life estimation through the maximum and mean normal and shear stresses (σmax, τmax,
σm, τm). The newly proposed model is studied for the zero and positive mean, as well as
in-phase and out-of-phase tension torsion loading, against the experimental fatigue life
on a standard notched specimen.
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PROPOSED MULTIAXIAL FATIGUE MODEL EQUATIONS
The complex interaction of load and time can be taken as a cause of fatigue failure, as
loads may be monotonic, steady, variable, uniaxial or multiaxial [2]. The fatigue failure
of a structural component is characterized by crack nucleation and crack propagation
occurring at critical points of the structural component until the final collapse [6].
Cracks start on the localized shear plane around high stress concentrations, such as
persistent slip bands, inclusions, porosity, or discontinuities. The localized shear plane
usually occurs at the surface or within grain boundaries. Once nucleation occurs and
cyclic loading continues, the crack tends to grow along the plane of maximum shear
stress and through the grain boundary [1].
In the present model, failure is assumed to occur with the start of crack
nucleation, and crack propagation is on a plane known as the critical plane, identified
according to the considered criteria. The criteria for critical planes identification may be
the plane having the maximum strain or stress range, or a plane with the maximum
fatigue parameter value or a plane with the maximum variance of shear stress, etc. A
similar configuration to that of the endurance function model proposed by Brighenti and
Carpinteri [6] has been adopted to formulate the proposed evolution equations for the
newly proposed model. Damage parameter P is defined in terms of strain ranges (∆γ,
∆ε), maximum shear and maximum normal stresses (τmax, σn,max) determined on the
critical plane, as shown by Eq. (7)
P  a1  . max   a2  . n,max  

 L2
E

 ev

(7)

where a1, a2 and σL are material constants determined by calibrating the model against a
known fatigue life and load history.
Parameter ev is defined by Eq. (8) describing the modification of parameter P
with stress history. This can be understood with the concept of isotropic and kinematic
hardening of materials. The parameter is defined with criteria that, if during a load step
∆P>0 (i.e. material was damaged in this load step), then ev is defined by Eq. (8) and if
∆P≤0 (i.e. no damage occurred in this load step), then ev for that step is zero (ev=0).
    m   max   m 
ev  V .dP m  max


E
E




(8)

where V is a material parameter and m is the power of increment of parameter P.
Eq. (9) shows a relationship between Dn, i.e. damage for load step ‘n’, and
damage parameter P and ∆P, i.e. change in P with each load step, where K and R are
material parameters.

Dn  K .P R .P

(9)

Damage is accumulated on a monitored location most susceptible to fatigue failure, and
the stress–strain state at each load step is evaluated with respect to mathematical
function P, Eq. (7). For a certain load step where the stress–strain state results in a value
of P less than zero (P≤0), this will not result in damage to the material. In other words, a
damage increment will occur only when stress–strain state leads to P>1. Additionally,
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for a damage increment to occur, the change in parameter P should be positive (∆P>0),
i.e., the value of P should be increased in the current load step from the previous one to
consider any damage to occur in the current load step. The total damage D at the point
of the component under study is evaluated as the accumulated function of damage
increments Dn at each load step, so at each load step of the fatigue process the damage
increment is equal to or greater than zero, i.e. Dn, and consequently the material damage
D is a non-decreasing positive function during the load history [20]. Complete damage
will occur when D reaches unity (D=1). Figure 1 shows the flow chart of the fatigue life
estimation process by the calibrated proposed model.

Figure 1. Fatigue life estimation process flow chart for proposed model.
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MODEL CALIBRATION USING GA
The proposed model can be used to estimate fatigue life for complex in- and out-ofphase loading conditions, if all the parameters are calibrated according to a known load
and fatigue life. In the present section, a genetic algorithm (GA) with MOGA-II (Multi
Objective Genetic Algorithm) is used to calibrate the model parameters (a1, a2, σL, V, m,
K, R). The GAs have some advantages with respect to classical techniques, as they
allow us to handle problems with multiple minima and non-convexity properties, thus
avoiding numerical instability and missing of the global optimum [30]. A GA operates
by simulating the natural evolution process of life [31]. These algorithms are used to
minimize / maximize an objective function chosen to solve a given problem. This
method can be used to optimize the model parameters according to the known loading
with fatigue life for the applied loading [32-34].
The advantage of using a GA for the proposed model is that a GA can handle
various objective functions and large population sets. It uses basic concepts like random
number generation, choice, switching and combinations of such generated numbers, to
get a new population which performs better than the previous generation [35]. This
process is repeated iteratively until the required tolerance is achieved and thus the
optimal condition can be achieved [36]. In the present study, the objective function is
defined as damage prediction error err, as in Eq. (10):
err = D – DFL

(10)

where D is the total cumulative damage after each load step and DFL is the inverse of
fatigue life at a known loading which is being used for calibration. The values of model
parameters used for characterization of the damage mechanics approach are now found
by minimizing the objective function err using a GA procedure [37].
FINITE ELEMENT ANALYSIS
Structural analysis is performed through Finite Element Analysis (FEA) to determine
the stress / strain state in the specimen geometry of EN3B steel alloy for each load set
for which experimental fatigue life is published in the literature [10], as shown in
Figure 2(a), with material properties in Table 1. The finite element model is developed
utilizing the ANSYS software with 10-node tetrahedral elements [38, 39]. Dense mesh
at the notch root is maintained by the sphere of influence technique, as shown in
Figure 2(b). As plastic deformation has to be considered, a non-linear analysis is
performed including a full stress–strain curve in the material model of EN3B. Force and
moment loads are applied such as to generate normal and shear stress at the net area, as
mentioned in Table 2 and the specimen model is shown in Figure 2(c). The details of
applied loads and respective fatigue life taken from the literature [10] are reported in
Table 2. The notch root is considered to be the critical point for crack initiation, and to
predict the fatigue life as closely to the experimental values as possible, the state of
stress and strain at the notch root is used in the estimation of fatigue life.
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(a) Dimensions of specimen [10]

(b) FEA model

(c) Applied loads on specimen
Figure 2. EN3B test specimen and FEA model.
Table 1. Mechanical properties of EN3B steel [40].
Material
name

Young’s
Modulus

Yield
stress
(MPa)

Ultimate
tensile
strength (MPa)

Cyclic strain
hardening
exponent, n’

Cyclic strength
coefficient, K’
(MPa)

EN3B

208.5

571

622

0.1635

890.7
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RESULTS AND DISCUSSION
Mesh Independence Study
For the developed FEA model, to find a balanced performance between accuracy,
solution time and storage of result files, a mesh dependence study has been performed
[41, 42]. Maximum principal, von Mises, and Tresca stresses are observed for mesh
convergence with the processing load depending on the number of nodes and elements.
Figure 3 shows the result of the mesh sensitivity analysis. It can be seen that after a
mesh size of 0.175 mm, the values of stresses change by a negligible amount of 1–3
MPa, but there is an exponential rise in the number of nodes and elements, which will
result in increased processor time and storage requirements without much increase in
the accuracy of the stress results. Thus, to get the balanced performance, a mesh size of
0.175 mm is selected for meshing the model.
Application of Proposed Model
The EN3B steel alloy specimen (Figure 2) is tested against in-phase and out-of-phase
loading conditions published in the literature (Table 2). The proposed model is
developed using ANSYS internal programming language. The algorithm identifies the
critical plane by identifying the plane with the maximum value of the critical plane
variable crtpl, Eq. (11). Normal and shear stress and strain ranges (σn,max, τmax, ∆ε, ∆γ)
with respect to the critical plane are calculated. Now, for calibration loads CP1 and CP2
(Table 2), for each set the calculated stresses and strains are used to determine the
model parameters using GA procedures (MOGA-II). The fatigue life value is calculated
for the remaining loads other than that used for calibration, using the proposed damage
evolution equations in Eqs. (7)–(9). To implement this, code is developed in APDL
which uses the model parameters calculated earlier and estimates the fatigue life for the
current applied loading.
crtpl   . max    . n,max 
579
Stress (MPa)

574
569

Von Mises

7.E+05

Tresca

6.E+05

Max
Principal

5.E+05

(11)
No. of nodes
No. of elements

4.E+05
3.E+05

564

2.E+05
559
554
0.075

1.E+05
0.125

0.175
Mesh size (mm)

0.225

0.E+00
0.075

(a)

0.125

0.175
Mesh size (mm)

0.225

(b)

Figure 3. (a) Mesh size versus calculated FEA stresses; (b) mesh size versus no. of
nodes and elements of FEA model.
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Table 2. Experimental loads and fatigue life of EN3B specimen having notch radius
1.25mm [10].
Normal
stress at net
area (σa)
(MPa)

Shear
stress at
net area
(τa) (MPa)

R = -1 and phase = 0
180(CP2)
103.9
190
109.7
200
115.5
230
132.8
259.6
155.9
275(CP1)
158.8
R = -1 and phase = 90
200(CP2)
115.5
230
132.8
250
144.3
260
150.1
270
155.9
285(CP1)
164.5
R = 0 and phase = 0
150(CP2)
150
160
160
165
165
170
170
180
180
190(CP1)
190
R = 0 and phase = 90
145(CP2)
145
150
150
155
155

Experimental
fatigue life
(cycles)

Predicted fatigue life (cycles)
Two calibration
points (CP1 &
CP2)

Calibration points
(CP1 - CP3 & CP3CP2)

2174897
1400006
437907
188480
82952
46254

1786431
807181
445531
135909
58167
42878

-------------

2100000
245935
79328
314817
59622
31700 / 36976
(34338 avg)
844615
370618
249286
110056
28108
34298

1869827
184465
79388
68753
42365
28869

-------------

759879
169407
119982
86524
51294
31123

-------------

2581210
2303300
2303300
2500000
1317299
839787
367445 /
704303
363447
2000000
77755
/ 304439
160
160
444139
195065
/ 2500000
170(CP3)
170
112944
230905
81354
180
180
49200
131045
58199
190
190
52000
84352
45785
200
200
67873
48555
31242
235(CP1)
135.7
59243
53559
53559
Note: CP1, CP2 and CP3 are first, second and third calibration points for model
coefficients determination
The proposed model is implemented by performing FEA to calculate the stress
state at the notch root surface of the specimen, as the notch root is the most susceptible
region for failure. Then stress components on the critical plane are calculated and the
GA tool with Eqs. (7)–[43] is used to determine the coefficients of the proposed model
for fatigue life estimation. Fatigue life is predicted with two and three calibration points
CP1, CP2 and CP3, where the coefficients for each load step are interpolated between the
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coefficients of the calibration points (Table 2). Results from the experimental fatigue
life values from the literature (Table 2) [10] and predictions made by the proposed
model with one and two calibration points are reported side by side in Table 3.
Table 3. Predicted fatigue life of EN3B steel.
Normal stress at net
area (σa) (MPa)

180(CP2)
190
200
230
259.6
275(CP1)
R = -1 and phase = 90
200(CP2)
230
250
260
270
285(CP1)
150(CP2)
160
165
170
180
190(CP1)
145(CP2)
150
155
160
170(CP3)
180
190
200
235(CP1)

Shear stress at net
area (τa) (MPa)

Experimental
fatigue life (cycles)

R = -1 and phase = 0
103.9
2174897
109.7
1400006
115.5
437907
132.8
188480
155.9
82952
158.8
46254
115.5
2100000
132.8
245935
144.3
79328
150.1
314817
155.9
59622
164.5
31700 / 36976
R = 0 and phase(34338
= 0 avg)
150
844615
160
370618
165
249286
170
110056
180
28108
190
34298
R = 0 and phase = 90
145
2581210
150
2500000
155
367445 / 2000000
77755 / 304439 /
160
2500000
170
112944
180
49200
190
52000
200
67873
135.7
59243

Predicted fatigue
life (cycles)
Two calibration
points (CP1 &
CP2)
1786431
807181
445531
135909
58167
42878
1869827
184465
79388
68753
42365
28869
759879
169407
119982
86524
51294
31123
2303300
1317299
704303
444139
230905
131045
84352
48555
53559

For the case of the load set with R = -1 and phase = 0, it is observed that the
fatigue lives predicted by the proposed fatigue life model are on the conservative side.
The predicted life for the load point of 200 MPa normal stress is higher than the
experimental life. This increase in the predicted fatigue life for the said load point is due
to the scatter in the experimental data, resulting in a deviation from the model behavior
at other load points. The results from the proposed fatigue life model are in good
agreement with the experimental data. For the case of the load set with R = -1 and phase
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= 90, the predicted fatigue life from the proposed fatigue life model is in good
correlation with the experimental data. The results are conservative, i.e., the predicted
fatigue life is lower than the experimental fatigue life, resulting in safe mechanical
designs. The difference between the predicted fatigue life and the experimental data at
the load point with 260 MPa normal stress load is attributed to the scatter in the
experimental data. This deviation in the data can also be observed in the plot showing
the relationship between predicted and experimental data in Figure 4(b). For 260 MPa
normal stress load, the reported experimental fatigue life shows an offset from the
general trend, confirming that the reported fatigue life at this load point is higher than
expected, compared to fatigue lives from other load values. In general, the results of the
predicted fatigue life from the proposed model are accurate with respect to the
experimental data for the load set with R = -1 and phase = 90.
300

300

Experimental
Predicted

260
240

Predicted

260
240

220

220

200

200

180
160
2.E+04

Experimental

280

Stress (MPa)

Stress (MPa)

280

180
2.E+05

Life (cycles)

2.E+04

2.E+06

2.E+05
Life (cycles)

(a)
200

(b)
Experimental

Experimental

230

190
210

Predicted 2CP

190

170

170

160

150

150
140
2.E+04

Predicted 3CP

Stress (MPa)

Stress (MPa)

Predicted

180

2.E+06

2.E+05

2.E+06

130
1.E+04

Life (cycles)

1.E+05

1.E+06

1.E+07

Life (cycles)

(c)

(d)

Figure 4. Predicted fatigue life (a) for R = -1 and phase = 0°, (b) R = -1 and phase = 90°,
(c) R = 0 and phase = 0°, (d) R = 0 and phase = 90°.
For the load case of R = 0, phase = 0, the results of predicted fatigue life are
presented in Table 3. The results are on the conservative side as the predicted fatigue
life is lower than the experimental fatigue life, which is generally favorable for safe
designs. However, at the normal stress load value of 180 MPa, the experimentally
obtained fatigue life is lower than the predicted life. This is attributed to scatter in the
experimental data, as can be observed from Figure 4(c), and is not representative of the
typical behavior of EN3B material with respect to other load points. For the remaining
load values, the estimated fatigue life from the proposed model is in good agreement
with the experimental data. For the load set with R = 0 and phase = 90, the fatigue life is
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estimated using model coefficients determined from two as well as three calibration
points. The results for predicted fatigue life compared with experimental fatigue life are
presented in Table 3. The predicted fatigue life is plotted against the experimental
fatigue life in Figure 4(d). The fatigue life predicted by interpolating the model
coefficients between the two calibration points CP1 and CP2 is generally overestimated,
especially in the region away from CP1 and CP2. A significant improvement in fatigue
life prediction accuracy is observed when three-point calibration is used, with an
additional calibration point CP3 at 170 MPa load in the interpolation scheme. The
predicted fatigue life resulting from the three-point calibration shows good agreement
with the experimental fatigue life. The estimated fatigue lives provide a good averaged
representation of the EN3B behavior, even with the scatter in the experimental results.
Hence, it can be concluded that additional calibration points improve the fatigue life
prediction accuracy. Higher fatigue life prediction efficiency can be achieved with few
calibration points for a range of load magnitudes, thus requiring a lesser number of
experimental results and leading to more cost-effective experimental testing for
generating the calibration data. In future studies, the proposed model will be tested
against more complex loading conditions.
CONCLUSIONS
In this study, a new fatigue life estimation model has been proposed using the
continuum mechanics concepts and a genetic algorithm. Experimental fatigue lives for
EN3B steel alloy for in-phase and out-of-phase loading conditions are used to calibrate
and analyze the accuracy of the proposed model. The results show that the new model
predicted fatigue life with good accuracy with respect to the experimental fatigue life in
both types of load case. The proposed model predicts fatigue life in good agreement
with published experimental data for in-phase and out-of-phase loads for zero mean and
positive mean of loading stresses in the case of two calibration points. The case with
three calibration points improved the accuracy of fatigue life estimation. Overall, the
model is simple to apply, with good accuracy. A more detailed study is needed to
examine the performance of the new model against more complex multiaxial and
variable amplitude loading conditions.
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