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ABSTRACT
This paper provides a hybrid position/force control design for a flexible L-shape
mechanism in a three dimensional (3D) environment. The analytical mechanism model
was developed with a highly accurate dynamic system based on equivalent rigid link
system theory and finite element discretisation without the need for any dedicated
force/torque sensors. The gravity force and dynamic model nonlinear parameters were
taken into account. This paper also presents and describes a real-time approach based on
a comparison between joint acceleration and the time evolution of a simplified rigid
mechanism model for estimating external forces applied on the tip of the mechanism. The
most significant simulation results are presented and discussed; in particular, position
controller has a high accuracy in terms of trajectory tracking with max error of 2.6 degree.
Keywords: Flexible-link mechanism, dynamic model; hybrid position/force control;
trajectory tracking; external force regulation.
INTRODUCTION
Control of compliant mechanisms is a research area that has aroused remarkable interest
due to its vast application in automated manufacturing and robotics systems. The majority
of robotic applications found in industry are based on simple position-controlled
manipulators that use joint position feedback to close the control loops such as spray
painting and pick-and-place tasks. Although the application of position control is well
suited for the tasks in which the robot is not constrained by any object in the workspace;
a successful and safe interaction between a robot and its environment is required in many
automated manufacturing systems, sometimes within a non-explicitly known
environment. According to [1], interaction force and motion control in robotics are
generally divided in two main approaches; impedance control and hybrid motion/force
control. While impedance control [2] stands for adjusting the mechanical impedance of
the contact point with a rigid environment, the main concept of hybrid position/force
control [3] is based on subjecting the end effector of the manipulator to external
constraints which are experienced in the form of interaction forces when the manipulator
interacts with the environment. Accordingly, interaction forces should be accommodated
rather than resisted [4] so the control approach should handle tracking error properly to
improve the contact. Moreover, hybrid position/force control provides better performance
respect to impedance control for robotic tasks that need high accuracy and precision [5].
According to [6], the main advantage of hybrid position/force control with respect to other
active force controls is that the position and force data are analysed independently to
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benefit from the dedicated control technique for each one. Most control approaches,
which lie in interaction force and motion of flexible link manipulators use force/torque
sensors mounted at the robot wrist [7]. Some approaches for force estimation by means
of the signals obtained from strain measurements (mechanical deformation) for different
dynamic systems were presented in [8, 9] as well. For making the estimation of the
applied external force to a flexible mechanism, approaches based on the disturbance
observer were presented in [10, 11]. Nevertheless, in aforementioned approaches, the use
of measurement sensors was still needed and the performance and the robustness of the
observer depended on not only to the precision of tuning parameters but also the accuracy
of the dynamic model. On the other hand, force recognition with means of the inverse
method is very important when direct measurement using force sensors is not possible
due to technical difficulties and limitation of installation and dynamic characteristic
altering problem [12].
To the best of author's knowledge, an application of hybrid force/position control
to a flexible mechanism in a three dimensional (3D) environment under gravity force has
not been presented yet. The main goal of this paper is to present a dynamic hybrid
position/force control approach for a spatial flexible L-shape mechanism with
consideration of gravity force into dynamic modelling formulation of the mechanism in
the absence of any kind of force/torque sensors. Consequently, the main objective is to
allow the tip of the mechanism to safely contact objects in an uncertain environment. In
this work, the Equivalent Rigid Link System (ERLS) approach was used for dynamic
modelling of the flexible link mechanism in 3D environment [13].The main advantages
of the ERLS approach is that the standard concepts of 3D kinematics can be taken to
formulate and solve the ERLS kinematics, e.g. Denavit–Hartenberg convention. The
obtained results can then be applied and integrated simply in the equations of the dynamic
model of the spatial flexible mechanism. Furthermore, the dynamic model of the L-shape
mechanism used in this work as a benchmark mechanism was validated experimentally
in [14] and also used in other works by the same author such as [15, 16].
In this paper, the synthesis of a hybrid/position force control of a flexible
mechanism in the 3D environment with gravity is proposed. At first, the dynamic
modelling of ﬂexible mechanisms according to the ERLS approach and the reference
mechanism used in this work are described. Then the external force estimation technique
and hybrid position/force control approach applied in this work are explained as well.
Finally, the most significant results are presented and discussed and the conclusion is
drawn accordingly.
METHODS AND MATERIALS
Dynamic Model
The approach used for the modelling of deformable mechanisms with large displacements
and small elastic deformation is based on Equivalent Rigid Link System (ERLS) concept;
such model has been introduced and validated for a flexible mechanism in 3D
environment by Vidoni in [13]. In this section, this approach is briefly recalled.
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Figure 1. Kinematic definition of the ERLS.
As shown in Figure 1, in order to obtain a model with a finite number of degrees of
freedom, each link of the mechanism is divided into finite elements. Furthermore, the
whole motion of each compliant link is divided into the large rigid-body motion of an
equivalent rigid-link system (ERLS) and the small elastic deflection of the link based on
the ERLS itself. Specifically, the following definitions are defined:
- 𝒓𝑖 and 𝒖𝑖 represent the vectors of the positions of the nodes in the 𝑖 − 𝑡ℎ element
of the ERLS and their elastic displacements respectively; the sum of these vectors
brings up the global motion of the nodes of the, 𝑖 − 𝑡ℎ element.
- 𝒑𝑖 represents the position vector of a point of the finite 𝑖 − 𝑡ℎ element.
- 𝒒 represents the vector of the ERLS generalised coordinates.
All of these vectors are defined in a global fixed reference frame; a local reference
frame following the motion of the ERLS for each element is also used in order to simplify
the application of the finite element method.
The dynamic mathematical equations are obtained by applying the concept of
virtual work and computing the terms related to inertial, elastic, and external generalised
forces:
∑𝑖 ∫𝑣 𝛿𝒑𝑇𝑖 𝒑̈ 𝑖 𝜌𝑖 𝑑𝑣 + ∑𝑖 ∫𝑣 𝛿𝜀𝑖𝑇 𝑫𝑖 𝜀𝑖 𝑑𝑣 = ∑𝑖 ∫𝑣 𝛿𝒑𝑇𝑖 𝐠𝜌𝑖 𝑑𝑣 + (𝛿𝒖𝑇 + 𝛿𝒓𝑇 )𝒇
𝑖

𝑖

𝑖

(1)

In which, 𝜌𝑖 , 𝑫𝑖 and є𝑖 are the mass density, the stress‐strain matrix, and the strain
vector for the 𝑖‐ 𝑡ℎ element, respectively, 𝒈 is the gravity acceleration vector and 𝒇 is the
vector of the concentrated external forces and torques; 𝛿𝒖 and 𝛿𝒓 are the virtual
displacement related to all nodes of the model. The following formulations are used for
the virtual displacement and real acceleration of a generic point belonging to the
mechanism:
𝛿𝒑𝑖 = 𝑹𝑖 𝑵𝑖 𝑻𝑖 𝛿𝒓𝑖 + 𝑹𝑖 𝑵𝑖 𝑻𝑖 𝛿𝒖𝑖
𝒑̈ 𝑖 = 𝑹𝑖 𝑵𝑖 𝑻𝑖 𝒓̈ 𝑖 + 𝑹𝑖 𝑵𝑖 𝑻𝑖 𝒖̈ 𝑖 + 2(𝑹̇𝑖 𝑵𝑖 𝑻𝑖 + 𝑹𝑖 𝑵𝑖 𝑻̇𝑖 )𝒖̇ 𝑖

(2)
(3)

where 𝑻𝑖 is the transformation matrix from the global to the local reference frame for the
𝑖 − 𝑡ℎ element and 𝑅𝑖 is the local-to-global rotation matrix; 𝑵𝑖 is the shape function
matrix, which is defined in the local frame. The strain displacement matrix 𝑩𝑖 can be
introduced on the basis of real and virtual strains as follows:
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𝜀𝑖 = 𝑩𝑖 𝑻𝑖 𝒖𝑖
𝛿𝜖𝑖 = 𝑩𝑖 𝛿𝑻𝑖 𝒖𝑖 + 𝑩𝑖 𝑻𝑖 𝛿𝒖𝑖

(4)
(5)

Since the nodal elastic virtual displacements (𝛿𝒖) and the nodal virtual
displacement of the ERLS (𝛿𝒓) are independent from each other, the dynamic model of
a generic flexible-link mechanism can be written as:
[

−2𝑴𝐺 − 𝛼𝑴 − 𝛽𝑲
−𝑴𝑺̇
−𝑲 𝒖̇
𝑴
𝑴𝑺 𝒖̈
𝑴
𝐼 𝒈
]
[
]
=
[
] [𝒒̇ ] + [ 𝑇
] [ ] (6)
𝑇
𝑇
𝑇
𝑇
𝑺 𝑴 𝑺 𝑴𝑺 𝒒̈
𝑺 𝑴 𝑺𝑇 𝒇
𝑺 (−2𝑴𝐺 − 𝛼𝑴) −𝑺 𝑴𝑺̇
0 𝒖

where matrix 𝑴𝐺 allows keeping into account the Coriolis contributions, 𝑴 is the mass
matrix of the whole system, 𝑲 is the matrix obtained when assembling the stiffness
matrices of all elements and 𝑺 is the sensitivity matrix for all the nodes. A Rayleigh model
of damping has been considered and inserted in the model through the 𝛼 and 𝛽 constants.
By solving the system Equation (6), accelerations can be computed and by means of
an appropriate integration scheme, velocities and displacements can be obtained [13].
Reference Mechanism
The mechanism chosen as the basis of the simulations is a compliant L-shape mechanism
made by two steel rods connected by a rigid aluminium joint (Figure 2). The rotational
motion of the first link can be imposed through a torque-controlled actuator. The whole
mechanism can swing in 3D environment and is described by three finite-elements; that
is, the link connected to electrical motor is modelled with two finite-elements while the
other link is described by a single finite element. The experimental validation of the
dynamic model used in this work was performed in [14].

Figure 2. Elastic displacement in the flexible L-shape mechanism.
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The mechanical parameters of the flexible L-shape mechanism components are
reported in Table 1. In this work, a software program for simulating the dynamics
behaviour of a flexible-link has been developed based on simulator presented in [17] and
also according to the dynamic model described in the previous section.
Table 1. Kinematics and dynamics characteristic of the reference mechanism.
Description
Young’s modulus
Flexure inertia moment
Poisson’s coefficient
Beam width
Beam thickness
Density
First link length
Second link length
Rayleigh damping constant

Symbol
E
J
v
a
b
𝜑
𝐿1
𝐿2
α
β

Value
2 × 1011 [𝑃𝑎]
11.102 × 10−10 [𝑚4 ]
0.33
30 × 10−3 [𝑚]
10 × 10−3 [𝑚]
7850 [𝐾𝑔/𝑚3 ]
0.5 [𝑚]
0.5 [𝑚]
7 × 10−4 [𝑠 −1 ]
2.13 × 10−7 [𝑠]

External Force Estimation
In this section, an approach to the external force estimation based on the comparison
between the motion of the flexible mechanism and its rigid counterpart is presented.
Figure 3 shows a schematic view of the proposed approach. As it can be seen from
Figure 3, while the external force and torque produced by the electrical motor are applied
to the flexible mechanism, only the torque produced by the electrical motor is applied to
the rigid mechanism. Furthermore, joint accelerations of both of the mechanisms are
measured and compared to each other.
By assuming that the external force is applied on the tip of the mechanism along
the tangential direction (Figure 2), the dynamic model stated in Equation (6) can be
rewritten as:
𝒖̇
𝒈
𝒖̈
𝑴𝐸𝑅𝐿𝑆 (𝑞, 𝑞̇ ) [𝑞̈
] = 𝑨(𝒖, 𝒖̇ , 𝑞, 𝑞̇ ) [ 𝑞̇ ] + 𝑩(𝑞, 𝑞̇ ) [ 𝒇 ]
(7)
𝑓𝑙𝑒𝑥
𝒖
so that
𝒖̇
𝒈
𝒖̈
(𝑞,
)𝑨(𝒖,
)
[𝑞̈
] = 𝑴−1
𝑞̇
𝒖̇
,
𝑞,
𝑞̇
[
(8)
𝑞̇ ] + 𝑴−1
𝐸𝑅𝐿𝑆
𝐸𝑅𝐿𝑆 (𝑞, 𝑞̇ )𝑩(𝑞, 𝑞̇ ) [ 𝒇 ]
𝑓𝑙𝑒𝑥
𝒖
Equation (8) is the explicit form of the flexible mechanism dynamic model, which
can be used to evaluate the joint acceleration (𝒒̈ 𝑓𝑙𝑒𝑥 ). The vector of external forces (𝒇) in
Equation (7) includes both the torque (𝜏𝑚 ) provided by the actuator and the external force
(𝑓𝑒𝑥𝑡 ) applied on the tip of the mechanism.
According to Equation (8), joint acceleration 𝑞̈ 𝑓𝑙𝑒𝑥 can be expressed as:
𝑞̈ 𝑓𝑙𝑒𝑥 (𝑡) = 𝑓(𝑞, 𝑞̇ , 𝑢, 𝑢̇ , 𝜏𝑚 , 𝑓𝑒𝑥𝑡 )
By neglecting the effects of flexibility in Eq. (9), 𝑞̈ 𝑓𝑙𝑒𝑥 can be written as:
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1

1

𝑞̈ 𝑓𝑙𝑒𝑥 (𝑡) ≃ 𝐽 𝜏𝑚 (𝑡) + 𝐽 𝐿1 𝑓𝑒𝑥𝑡 (𝑡)

(10)

where 𝐿1 is the length of the first link and 𝐽 represents the moment of inertia of the
mechanism. In the absence of external forces, the angular acceleration can be written
simply as:
1

∗
𝑞̈ 𝑟𝑖𝑔𝑖𝑑
= 𝐽 𝜏𝑚

(11)

Finally, an estimation of the external force 𝑓̂𝑒𝑥𝑡 acting on the tip of the
mechanism along the tangential direction can be achieved by comparing Equation (10)
and (11) as follows:
𝐽
1
𝐽
∗
𝑓̂𝑒𝑥𝑡 = (𝑞̈ 𝑓𝑙𝑒𝑥 − 𝑞̈ 𝑟𝑖𝑔𝑖𝑑
) 𝐿 = (𝑞̈ 𝑓𝑙𝑒𝑥 − 𝐽 𝜏𝑚 ) 𝐿
1

1

(12)

Equation (12) provides the means of estimating the amplitude of the external force
from the measurement of the angular acceleration of the mechanism and the measurement
of the torque produced by the actuator. When neglected, link flexibility can lead to large
estimation errors [18].

Figure 3. Schematic view of the external force estimation approach.
Hybrid Position/Force Control
In this section, a short description of the hybrid position/force control for the L-shape
flexible mechanism is given. Hybrid position/force control combines position and force
data into the control loop for moving the mechanism in a non-deterministic environment.
The block diagram of hybrid position/force control approach used in this work is shown
in Figure 4; accordingly, the main idea is to separate the position control from force
control and combine the achieved data. While the angular position of the mechanism (𝑞)
is gathered from an encoder and compared to the reference position signal in order to
measure the position error, the joint acceleration of the mechanism (𝑞̈ 𝑓𝑙𝑒𝑥 ) is used for
estimating the external force applied to the tip of the mechanism according to the
technique explained in the previous section. The estimated external force is used in the
following control law:
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t
∆(𝑡) = ∫0 𝑓̂𝑒𝑥𝑡 (t) Θ 𝑑𝑡

(13)

where 𝑓𝑒𝑥𝑡 is the estimation of the external applied force on the tip of the mechanism, Θ
𝑑𝑒𝑔
is a positive constant with value of 5 𝑁.𝑡 . In fact, ∆(𝑡) is used to change the reference
position based on the direction and magnitude of the external force applied to the tip of
the flexible mechanism. The value of Θ can be chosen arbitrarily based on the desired
performance.
If ∆(𝑡) is equal to zero, the control loop in Figure 4 acts as tracking joint position
control based on PID controller with 𝐾𝑝 = 5, 𝐾𝐼 = 4, 𝐾𝐷 = 4 . If ∆(𝑡) is either positive
or negative, the joint reference position is altered in order to regulate the contact force to
zero. For example, by applying a 1 𝑁 force for 2 𝑠𝑒𝑐 to the tip of the mechanism along
the tangential direction (Figure 2), the mechanism should be moved by 10 𝑑𝑒𝑔 from its
initial configuration in the same direction of the force.

Figure 4. Hybrid position/force control scheme for spatial L-shape flexible mechanism.
RESULTS AND DISCUSSION
External Force Estimation Technique
The design of the external force estimation implemented in this work is based on the
comparison between the motion of the flexible mechanism and its rigid counterpart.
Figures 5 and 6 show the comparison between non-filtered and estimated force with actual
external force applied on the tip of the spatial L-shape flexible mechanism respectively.
Figure 5 illustrates the comparison between the actual and estimated force applied on the
tip of the mechanism along the tangential direction. It can be clearly seen that a
pronounced error is introduced by the neglected flexibility of the estimation model.
Therefore, a second low order pass filter with cut-off frequency of 20 𝑟𝑎𝑑/𝑠 was used to
improve the accuracy of the external force estimation. Figure 6 shows a comparison of
the estimated and actual force applied on the tip of mechanism when using a low pass
filter. It can be inferred that the estimation is quite satisfactory and efficient; however, the
lagging difference (around 0.2 sec) between two curves is due to the low-pass filtering
action included in the force estimator.
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Figure 5. Comparison between non-filtered estimated and actual external force applied
on the tip of mechanism.

Figure 6. Comparison between estimated and actual external force applied on the tip of
mechanism.
Hybrid Position/Force Control Approach
In this section, the results of the application of the hybrid position/force control approach
to the L-shape flexible mechanism in 3D environment are presented. Hence, a force signal
with pulse width of 1 𝑠𝑒𝑐 and amplitude of −2 𝑁 shown in Figures 4 and 5 is applied to
the tip of the mechanism; while, the initial angular position reference is set to 90 𝑑𝑒𝑔. As
it can be seen from Figure 7, the mechanism starts to move in the same direction of the
external force as soon as the latter is applied. The angular displacement of the mechanism
was equal to 10 𝑑𝑒𝑔; in other words, the mechanism moved from its initial configuration
(90 𝑑𝑒𝑔) to the configuration of 80 𝑑𝑒𝑔; such displacement is determined by the control
law in Equation (12). As can be seen from Figure 7, the control-loop has a fast response
with a highly accurate tracking behaviour. From Figure 8, it can be inferred that the
position controller has a good accuracy in terms of trajectory tracking and the max error
between the actual joint position while the reference position was very small, which was
near to 2.6 deg that was 0.26% of 10 deg. Furthermore, according to Figure 9, the overall
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torque produced by electric motor was always within the ±2.5 𝑁𝑚 range which was
much lower than the desired limit. It must be noticed that torque by the controller was
kept below the limit values for the torques of the electrical motor actuating the real
mechanism, i.e. 20 𝑁𝑚.
It can also be inferred that the performance of the hybrid position/force controller
was found to be particularly affected by the PID controller gains, features of the input
signal, type of applied filter, and initial conditions. Additionally, using a proper low-pass
filter greatly improved the performance of the system response that can be brought to
follow the reference signal more closely.

Figure 7. Response of the flexible mechanism to applied external force in terms of
angular position.

Figure 8. Percentage error on the difference between mechanism angular position and
reference position.
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Figure 9. Motor torque.
CONCLUSIONS
In this paper, a dynamic hybrid position/force control for a flexible L-shape mechanism
in 3D environment was synthesised and tested. The mechanism was modelled by means
of a highly accurate Finite Element model based on the equivalent rigid link system
(ERLS) theory and accounting for geometric nonlinearities and gravity force. In order to
implement the hybrid position/force control, an external force estimation approach was
presented. The estimation technique was based on the comparison between the actual joint
acceleration and the joint acceleration computed through a simplified rigid model. The
control scheme was composed by two loops; one performed the angular position tracking,
while the other was responsible for the indirect regulation of the interaction forces
between the tip of the mechanism and the environment. Hence, the reference position fed
to the position controller can be changed according to a control law, which depended on
the direction and the amplitude of the external force. The controller demonstrated good
trajectory tracking performance and an accurate external force regulation.
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