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ABSTRACT
A numerical investigation was conducted to analyze the effect of the presence of a square
obstacle placed behind the first primary recirculation zone on the flow field and heat
transfer over a backward-facing step using copper-water nanofluid. Computations were
performed over a range of Richardson number 𝑅𝑖 from 0 to 2.85 and volume fraction of
nanoparticles φ from 0 to 15% at a fixed Reynolds number Re = 450 and Prandtl number
Pr = 6.2. A discussion about the buoyancy effect on the heat transfer exchanged between
the horizontal walls of the channel as well as on the heat flux transferred from the obstacle
to the flow for different φ. Results show that, the presence of heated square obstacle is
effective in augmenting the heat transfer. In fact, in presence of the square obstacle,
enhancements in the maximum values of the Nusselt number of 194% and 153% are
obtained at the lower and the upper walls of the channel, respectively. Furthermore, the
heat transfer reaches its maximum at the emplacement of the square cylinder. On the other
hand, results show a marked improvement in heat transfer compared to the base fluid.
This improvement is more pronounced for higher 𝑅𝑖 and φ. Finally, the effect of the
buoyancy forces is found less important on the heat transfer enhancements when Ri
increases. This can be explained by the thermophoresis forces effect near the hot walls of
the obstacle.
Keywords: heat transfer enhancement; thermal conductivity; Cu-water nanofluid;
backward-facing step; square obstacle
NOMENCLATURE
Cp

specific heat at constant pressure (kJ.kg-1 .K-1)

h

convection heat transfer coefficient (W.m-2 .K-1)

H
k
L
Lr
Nu
̅̅̅̅
Nu
̅̅̅̅
< Nu>
P
p

downstream channel height (m)
thermal conductivity (W.m-1 .K-1 )
length of the channel (m)
reattachment length, dimensionless
Nusselt number
Time and space-average Nusselt number
Global time and space-average Nusselt number
dimensionless pressure
pressure (N.m-2 )
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Pe
Pr
qw
Re

Peclet number (=Re.Pr)
ν
Prandtl number ( = αf )
f

heat flux at the wall (W.m-2)
ρ .u .H
Reynolds number (= f μ0 )
f

g.βf .H3 .(Th-Tc )

Ri

Richardson number (=

T
t
x
u0
u
v
x
y

dimensional temperature (K)
time non-dimensionalized (s)
mean channel inlet velocity
maximum velocity of the channel inlet
dimensionless component of velocity
dimensionless 𝑦 component of velocity
dimensionless horizontal coordinate
dimensionless vertical coordinate

ν2f .R2e

)

Greek symbols
α
thermal diffusivity (m2 .s-1)
𝛽
coefficient of thermal expansion (K-1 )
transport quantity
ϕ
nanoparticle volume fraction
φ
ν
kinematic viscosity (m-2 .s-1)
µ
dynamic viscosity (kg.m-1 .s-1)
dimensionless temperature
θ
ρ
density (kg.m-3 )
τ
time dimensionalized
Subscripts
av average value
bulk value
b
nf Nanofluid
Fluid
f
Solid
s
w Wall
wc cold wall
wh hot wall
av average value
bulk value
b
INTRODUCTION
It is well known that the study of backward-facing step flows is an important branch of
fundamental fluid mechanics. A first study that treats flow and heat transfer using pure
fluid was simulated by Armaly’s et al. [1]. Then, several studies have been conducted in
this area [2–6]. However, to the best of our knowledge, few research studies have tackled
this area using nanofluids. This new class of fluids, composed of metal nanoparticles
suspended in a base fluid, has recently appeared, due to their anomalous thermal
conductivity enhancement. Many studies have been undertaken in the area of flow and
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heat transfer of nanofluids, showing that these new fluids have a remarkable power of
heat exchange compared to conventional liquid [7–9]. This enhanced thermal behavior of
nanofluids could provide a basis for an enormous innovation for heat transfer
intensification, which is a major importance to a number of industrial sectors including
transportation, power generation, heating, cooling, ventilation and air-conditioning. The
first study that analyzed the flow of nanofluids on the flow pattern and its related heat
transfer over a backward-facing step is that of Abu-Nada [10]. Their results, obtained in
forced convection, show that nanoparticles with high thermal conductivity have more
enhancement on the value of Nusselt number outside the recirculation zones. The effect
of nanofluids flow on a mixed convection heat transfer over a 2D horizontal micro scale
backward-facing step placed in a duct has been conducted numerically for different
nanoparticles (Al2 O3 , CuO, SiO2 and ZnO), whose, results show that the Nusselt number
increases with the increase of the volume fraction and Reynolds number [11].
The compactness of new thermal systems leads the importance of finding
effective means for enhancing heat transfer. Using baffles is one of an effective method
for this purpose. It is well known that the flow of fluids past bluff bodies has been the
subject of several researches, both experimental and theoretical. The motivation behind
these studies was to understand the physical phenomenon that occurs behind the bluff
body and find practical applications in industrial processes, such as aerodynamics, flow
dividers in polymer processing applications, heat exchanger systems, cooling of
electronic components, etc. A study of flow of nanofluids around a circular cylinder was
performed to examine the effect of the nanoparticles volume fraction on the flow pattern
and heat transfer characteristics. Results showed that the length of recirculation zone
increases with the nanoparticles volume fraction and the Nusselt numbers was
strengthened by the addition of nanoparticles to the base fluid [12]. The flow and heat
transfer of nanofluids past a square cylinder in vertically upward flow have been
simulated to examine the effect of the nanoparticles volume fraction on the overall flow
coefficients such us the Strouhal number (𝑆𝑡), the drag coefficient (𝐶𝑑) and the lift
coefficient (Cl) [13]. A numerical study was conducted to simulate the steady laminar
forced convection flow and heat transfer of Al2 O3 -water nanofluid around a square
cylinder [14]. In a recent study about convection flow over BFS, it was revealed that a
baffle mounted onto the upper wall increases considerably the magnitude of maximum
Nusselt number at the stepped wall [15]. Likewise, the results of the study of the
convection laminar flow over inclined backward-facing steps in a duct with a baffle
mounted onto the upper wall show that although the baffle enhances the convection
coefficient on the bottom wall [16]. A study was analyzed the heat transfer enhancement
of 2D laminar and turbulent mixed convective flows adjacent to backward facing step
with baffle installation onto the channel wall using different types of nanofluids. The aim
is to study the effect of nanoparticles and the baffle on the heat transfer enhancement [17].
Another study was conducted to examine the effect of the rectangular cylinder on the
laminar forced convection nanofluid flow and heat transfer over a backward-facing step
[18].
The present research work was carried out to contribute to the existing knowledge
of backward-facing step flow with a built in square obstacle using Cu-water nanofluid. It
is a numerical investigation on forced and mixed convection flow over a backward-facing
step. The study is particularly focused on the effect of the presence of the square obstacle,
as well as the effect of the buoyancy term (Richardson number) and the nanoparticles
volume fraction on the flow pattern and its related heat transfer. Numerical simulations
are performed out for Richardson number, Ri, up to 2.85 and a volume fraction  of
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Copper nanoparticles from 0 to 15% at a fixed Reynolds number, Re=450 and Prandtl
number, Pr=6.2.
GOVERNING EQUATIONS
Both of the flow geometry and the coordinate system are shown in Figure 1. The
conservation equations describing the flow are time-dependent, two-dimensional NavierStokes and energy equations of incompressible nanofluid. The base fluid (water) and the
nanoparticles (Cu) are assumed to be in thermal equilibrium and all the physical
properties of nanofluids (in Table 1) are assumed to be constant except for the variation
of density in buoyancy term of momentum equation. The density variation is treated by
the Boussinesq approximation. Thus, the dimensionless of the continuity, momentum and
thermal energy equations governing the laminar flow over the backward-facing step can
be written in the following conservative form of Eq. (1) to (4).
𝐿 = 26𝐻
𝑢 = 𝑣 = 0. 𝜃 = 0
In the square obstacle:
𝑢 = 𝑣 = 0. 𝜃 = 1

𝑢(𝑦)

𝜃(𝑦)

𝐻/4
𝐻/4

4𝐻
𝐻/2

𝑢=0
𝑣=0
𝜃=1

𝐻

Primary recirculation zone

𝑦

𝑢 = 𝑣 = 0. 𝜃 = 1

𝐿𝑟

𝑥

Figure 1. Configuration definition.
Table 1. Thermo-physical properties.
Property
Cp (J/kg K)
ρ (kg/m3)
k (W/m K)
α × 107 (m2/s)

Fluid phase (Water)
4179
997.1
0.613
1.47

Cu
385
8933
400
1163.1

div(V)=0
∂u
∂τ
∂v
∂τ
∂θ
∂τ

(1)
ρ ∂P

+div(Ju )=- ρ f

nf ∂x

ρ ∂P

+div(Jv )=- ρ f

nf ∂y

1 μnf ρf

, Ju =uV- Re
+

μf ρnf

φρs βs +(1-φ)ρf βf
ρnf βf
1

+div(Jθ )=0, Jθ =θV- Re.Pr

αnf
αf

(2)

grad(u)
1 μnf ρf

Riθ, Jv =vV- Re

μf ρnf

grad(v)

(3)
(4)

grad(θ)
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where ρ, β, μ, α and φ are the density, the coefficient of thermal expansion, the dynamic
viscosity, the thermal diffusivity and the nanoparticles volume fraction, respectively,
taking into account subscripts f for fluid, s for solid and nf for nanofluid.
In Eq. (1) to (4), the space coordinates; velocities, time and pressure are
normalized with the downstream channel height H, the maximum velocity of the channel
inlet u0, the characteristic time H/u0 and the characteristic pressure ρf . uo2 respectively.
The dimensionless variable  was defined as;  = (T-Tc)/(Th-Tc) where Th and Tc are hot
and cold temperatures respectively. In Eq. (2) - (4), the viscosity of the nanofluid is given
by Brinkman [19] as Eq. (5). The thermal diffusivity of the nanofluid is defined as Eq.
(6).
μnf = μf / (1- φ)2.5

(5)

αnf = knf /(ρcp)nf

(6)

where the conductivity of the nanofluid knf is expressed as in Eq. (7) [20]. The effective
density ρnf and the heat capacitance (ρcp)nf of the nanofluid are expressed as Eq. (8) and
(9) respectively [21].
knf /kf = [ks+2kf -2φ(kf – ks)]/[ks+2kf +φ(kf – ks)]

(7)

ρnf = (1- φ) ρf + φρs

(8)

(ρcp)nf = (1- φ) (ρcp)f + φ(ρcp)s

(9)

The Reynolds number Re, the Richardson number Ri and the Prandtl number Pr
are defined as in Eq. (10).
Re = ρf u0 H /μf

Ri = g βf H3/νf2Re2

Pr = νf /αf

(10)

where νf is the kinematic viscosity of the base fluid.
No-slip boundary conditions for velocities on all the solid walls were used. The
temperature at the upper wall of the channel is constant and equal to Tc, corresponding to
 = 0. The step and the lower walls of the channel are assumed to be isothermally heated
at Th, corresponding to  = 1.
At the channel inlet, a normal component of velocity is assumed to be zero and a
fully developed parabolic profile for the axial velocity, expressed by u(y)=-16(y21.5y+0.5), is deployed. The temperature of the incoming stream is assumed to be linear
and expressed by Abu-Nada [10]  (y) = 2(1-y).
At the channel exit, the convective boundary condition, given by /t + uav /x
= 0, is used where the variable  is the dependent variable (u, v,) and uav is the mean
channel inlet velocity. It is noted here that, as mentioned by Sohankar et al. [22] and
Abbassi et al. [23], the convective boundary condition reduces the number of iterations
per time step and allows a shorter downstream computational domain when compared to
the case of the Neumann boundary condition. The square obstacle is assumed to be
isothermally heated at 𝑇ℎ , exchanging heat to the fluid flowing around it.
The instantaneous values of the drag and lift coefficients on the square obstacle were
calculated at each time step. They are defined as:
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Cd=

Cl=

FD

(11)

1 2
2 ρ u0 h
FL

(12)

1 2
2 ρ u0 h

where FD and FL are the drag and lift forces exerted by the fluid on the square obstacle,
respectively. These forces are calculated by integration the viscous shear forces and
pressure over the surface of the square obstacle. The thermal heat flux transferred from
each face of the square obstacle to the flow is characterized by the space-averaged Nusselt
number, and it is defined as the following Eq. (13).
1

knf ∂θ
) dy :on the transverse
kf ∂x wall
surfaces of the square obstacle

∫ (0

Nuso =

1

(13)

knf ∂θ
) dx :on the top or bottom
kf ∂y wall
surfaces of the square obstacle

∫ (0

{
The time and space-averaged Nusselt number on each face of the square obstacle
is evaluated as in Eq. (14).
τ2

(14)

1
̅̅̅̅〉=
̅̅̅̅so dt
〈Nu
∫ Nu
τ2 -τ1
τ1

The global time and space-averaged Nusselt number on the square obstacle is
written as Eq. (15).
(15)

̅̅̅̅t 〉= ∑ 〈Nu
̅̅̅̅〉/4
〈Nu
all faces

The thermal heat flux exchanged between the flow and the horizontal walls BFS
is characterized by the space averaged Nusselt number evaluated as Eq. (16),
1 L
Nuav = ∫ Nu(x)dx
L 0

(16)

where Nu(x) is the local Nusselt number, computed with the following Eq. (17) [10],
Nu(x)=

1 knf ∂θ
|
θb (x)-1 kf ∂y wall

(17)
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where b(x) is the bulk temperature, calculated using the velocity and the temperature
distribution with Eq. (18).
1

θb (x)=

(18)

∫0 uθdy
1

∫0 udy

The time and space-averaged Nusselt number at the horizontal walls BFS ̅̅̅̅
Nu is
evaluated as Eq. (19). The time interval (τ2 – τ1) is large compared to the period of
oscillations and usually chosen as an integer multiple of period oscillations.
̅̅̅̅
Nu=

τ2
1
∫ Nuav dτ
τ2 -τ1 τ1

(19)

SOLUTION PROCEDURES
The combined continuity, momentum and energy equations are solved using a finite
volume method of Patankar [24], where the control volume cells for velocity components
are staggered with respect to the main control volume cells. This use of a staggered grid
prevents the occurrence of checker board pressure fields. The convection terms in Eq. (2)
to (4) were discretized using hybrid scheme, while the diffusion terms were discretized
using second order central scheme. The SIMPLER algorithm was applied to solve the
pressure-velocity coupling in conjunction with an alternating direction implicit scheme
to perform the time evolution.
Our computations were achieved using 366×119 non-uniform meshes with a
variable grid size of 10-2 Δx 10-1 and 10-3 Δy 10-2. In order to study the grid
independence, one case was run with 561×255 grid points with 5.10-3 Δx 7.10-2 and
5.10-4 Δy 5.10-3 for Re = 450, Pr = 6.2, Ri = 0 and  = 0 (pure water). The computation
results show a difference of only 1.5%, 0.7% and 1.1% in the values of the reattachment
length Lr, the space averaged Nusselt numbers Nuav at the lower and the upper walls of
the channel respectively. Since the computation time with 561 × 255 grids are nearly four
times higher than that with 366 × 119 grids, we decided to cancel it and carry out that of
the 366 × 119 grids. More details about the validity of the computational code used in
this work are available in Bouaziz et al. [25].
RESULTS AND DISCUSSION
The effect of square obstacle on the Nusselt number at the horizontal walls of the channel
is shown in Figure 2. This figure shows that the square obstacle makes a different trend
for Nu distribution along the horizontal walls in comparison to BFS flow without square
obstacle. The maximum value of Nu occurs at the position of the square obstacle and then
it drops sharply to a low value at the reattachment point after which Nu approaches to a
constant value far from the square obstacle.
Figure 3 depicts the variation of the time and space-averaged Nusselt number
̅̅̅̅ increases monotonously by
versus φ at the horizontal walls BFS. As it can be seen, Nu
increasing φ for both cases, with square obstacle and without square obstacle, and still
greater in with square obstacle. For both cases and in a range of φ under consideration,
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numerical results show that ̅̅̅̅
Nu varies linearly with respect to φ. Using the least-square
method for all the computed values, the following expression of Eq. (20) to (23) were
derived. These correlations have a maximum deviation of about 1.5% from the computed
values.
In the lower wall:
without square obstacle, ̅̅̅̅
Nu =6.88378 φ+2.13361

(20)

with square obstacle, ̅̅̅̅
Nu =7.66458 φ+2.65447

(21)

In the upper wall:
without square obstacle, ̅̅̅̅
Nu =7.71133 φ+2.02943

(22)

with square obstacle, ̅̅̅̅
Nu =9.06306 φ+2.70078

(23)

̅̅̅̅t > over the heat transfer
The global time and space-averaged Nusselt number <Nu
surface of the square obstacle is plotted against the volume fraction  of suspended
particles over the range of 0%-15% in Figure 4. Addition of nanoparticles into the base
liquid enhances the thermal conduction and the enhancement increases with increasing
̅̅̅̅t > over
particle concentration. This is clearly shown, which display the variation of <Nu
the heat transfer surface of the square obstacle with solid volume fraction. Through those
results, it can be shortly concluded that the overall heat transfer from the square obstacle
is greatly modified with φ. In fact, for example the exchange of heat transfer increased
by 108% when φ pass from 0% to 15%.
The global time and space-averaged Nusselt number can be approximately
correlated by the relationships of Eq. (24). This correlation has a maximum deviation of
the order of 1.8% with the computed results.
̅̅̅̅t >=27.747φ2 +14.052φ+6.650
<Nu

(24)

Figure 5 (a) shows the instantaneous streamlines for Richardson numbers 𝑅𝑖 = 1
at  = 10% without square obstacle. In the region behind the primary recirculation zone,
the flow is seen to be steady where all the streamlines are found parallel. By slowly
increasing the Richardson number from Ri=1, the numerical results have shown that the
onset of the first convective cell at the end of the channel at Ri=1.6, as illustrated in Figure
5 (b). The reason of the occurrence of the convective cells may be caused by the
depression zones created by the buoyancy forces once they play a major role.
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(b)
Figure 2. Effect of square obstacle on the local Nusselt distribution on the horizontal
walls BFS a φ=0%t and Re=450 for (a) lower wall and; (b) upper wall.
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4 .5
W ith o u t sq u a re ob stacle
W ith sq u a re o b stacle
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3 .5
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(a)
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Nu
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2.5
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0.03

0.06



0.09

0.12

0 .1 5

(b)
Figure 3. Effect of square obstacle on variation of the time and space-averaged Nusselt
̅̅̅̅ on the horizontal walls BFS with volume fraction φ for (a) lower wall and;
number Nu
(b) upper wall.
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̅̅̅̅t > on the
Figure 4. Variation of the global time and space-averaged Nusselt number <Nu
square obstacle with φ for Ri=0.

(a): Ri = 1

(b): Ri = 1.6
Figure 5. Flow pattern without square obstacle for two Richardson numbers at φ = 10%
The study is limited to the flow of Cu-water nanofluid corresponding to Ri<1.6,
where the focus is to analyze the effect of the square obstacle as well as the buoyancy
forces on the heat flux exchanged between the horizontal walls and the flow. Indeed, by
presenting the temporal variation of the space-averaged Nusselt number Nuav on the
horizontal walls BFS with square obstacle, as shown in Figure 6, it is clear that the
oscillatory nature of Nuav means the movement of cells near the horizontal walls. The
reason may be caused by the magnitudes of the lift and drag fluctuations on the square
obstacle where we have plotted in Figure 7 the temporal traces of the lift and drag
coefficients at φ=10% and Ri = 1.
In Figure 8 we have plotted the global time and space-averaged Nusselt number
̅̅̅̅t > over the heat transfer surface of the square obstacle against the Richardson
<Nu
number. As it can be seen, the heat transfer rate decreases rapidly when Ri increases until
Ri=1 and then remains constant. A decrease of 25.5% in heat transfer is observed when
we pass from Ri=0 to 1. This is explained by the fact that when the Richardson number
increases, and when the flow approaches the front face of the square obstacle, most of the
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fluids are flowing below the bottom side of the square obstacle. In the presence of
nanoparticles, the effect of the buoyancy forces is found less important when Ri increases.
This can be explained by the thermophoresis forces effect. Indeed, when the
nanoparticles approaching the square obstacle, they heat up and quickly move away
towards the cold zone of nanofluid. These hot nanoparticles collide with cold particles
and under the thermophoresis forces effect, they move toward the horizontal walls of the
channel, causing therefore the migration of the nanofluid away from the square obstacle,
and so enhancements in the values of the Nusselt number at the lower and the upper walls
of the channel in the presence of a square obstacle. In fact, Figure 9 shows the variation
of the time and space-averaged Nusselt number ̅̅̅̅
Nu at the horizontal walls of the channel
with the Richardson number. According to this figure, the flow without square obstacle,
it is observed that the ranges within which buoyancy forces have a negligible effect on
̅̅̅̅. With the square obstacle,
the heat transfer are characterized by a slight variation in Nu
at Ri=1.5, the enhancements in the maximum values of the Nusselt number of 194% and
153% are obtained at the lower and the upper walls, respectively.
7

6
(2)

5
L ow er w all
U p p er w all

Nu

av

W ith ou t sq u are ob stacle
W ith sq u are ob stacle

4

3

(1)

2
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10

20

30

40

50
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Figure 6. Effect of square obstacle on the variation of the space-averaged Nusselt
number Nuav on the horizontal walls BFS at 𝜑 = 10% and 𝑅𝑖 = 1
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(a) drag coefficient

(b) lift coefficient

Figure 7. Instantaneous lift and drag coefficients a φ=10%t and Ri=1
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Figure 8. Variation of <Nu
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2
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0 .0
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1 .0
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2 .0

Figure 9. Effect of square obstacle on variation of ̅̅̅̅
Nu on the horizontal walls BFS with
Ri.
The computations show that the heat flux exchanged between the flow and the
horizontal walls was affected by the buoyancy term when the Richardson number reaches
the value characterizing the appearance of the first convective cell Ri=1.6 for φ=10%. In
presence of the square obstacle, a remarkable increase of ̅̅̅̅
Nu, indicating the high
contribution of the buoyancy term on the increment of the heat transfer. Figure 10 (a) to
(f) confirms this result where we have plotted the isotherm contours at φ=0% and φ=10%.
The effect of the square obstacle is very clear in forced convection and mixed convection.
In fact, in presence of the square obstacle, the tightening of the isotherms near the
horizontal walls is observed. This causes the thinning of the thermal boundary layer which
tremendously increases the heat transfer rate.
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(a) Without square obstacle, φ = 0% and Ri=0

(b) With square obstacle, φ = 0% and Ri=0

(c) Without square obstacle, φ = 10% and Ri=0

(d) With square obstacle, φ = 10% and Ri=0

(e) Without square obstacle, φ = 10% and Ri=1

(f) With square obstacle, φ = 10% and Ri=1
Figure 10. Effect of square obstacle on the isotherm contours.
CONCLUSION
Numerical study of the buoyancy effect on the flow pattern and heat transfer over a
backward-facing step with a heated square obstacle using copper-water nanofluid has
been performed for different nanoparticles volume fraction. For 0 ≤ Ri ≤ 2.85 and 0 ≤ φ
≤ 15%, the following conclusions can be drawn:
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a) The square obstacle plays a major role in increasing the heat transfer over a
backward-facing step.
b) The time and space-averaged Nusselt number on the horizontal walls BFS ̅̅̅̅
Nu
varies linearly with respect to φ. Using the least-square method for all the
computed values, the following expression may be derived: ̅̅̅̅
Nu =a φ+b, Values of
the coefficient “𝑎” and “𝑏” are given by equations (20) and (21).
c) For φ=10%, by using square obstacle, an enhancement in the Nusselt number is
registered at the horizontals wall BFS. At Ri=1.5, the enhancements in the
maximum values of the Nusselt number of 194% and 153% are obtained at the
lower and the upper walls, respectively.
d) The global time and space-averaged Nusselt number on the square obstacle can
be
approximately
correlated
by
the
relationship
of
2
̅̅̅̅
<Nut >=14.052φ+227.747φ +6.650.
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